Nonintersecting Paths, Pfaffians, and ▵-Matroids  by Desainte-Catherine, Myriam & Wenzel, Walter
 .ADVANCES IN APPLIED MATHEMATICS 19, 471]485 1997
ARTICLE NO. AM970554
Nonintersecting Paths, Pfaffians, and ^-MatroidsU
Myriam Desainte-Catherine
Laboratoire Bordelais de Recherches en Informatique, Uni¨ ersite Bordeaux I,Â
33405 Talence Cedex, France
and
Walter Wenzel
Mathematisches Seminar, Uni¨ ersitat Kiel, D-24098 Kiel, GermanyÈ
Received December 28, 1996; accepted March 15, 1997
In this paper, we study ^-matroids induced by nonintersecting paths in a
directed graph. The association between nonintersecting paths and ^-matroids is
derived from Pfaffians. On the one hand, certain numbers of k-tuples of noninter-
 .secting paths may often be expressed as a Pfaffian, while, on the other hand,
representability problems for ^-matroids may be studied in terms of Pfaffians. It is
shown that ^-matroids induced by nonintersecting paths are representable over
fields of any characteristic and that weightings defined on the edge set and with
values in some linearly ordered abelian group give rise to valuated ^-matroids.
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INTRODUCTION
w xGessel and Viennot 9 developed a powerful technique for enumerating
various classes of plane partitions. They interpreted large classes of plane
partitions as configurations of nonintersecting paths in a directed graph,
 .where a family v of paths is called nonintersecting if the vertex setsi ig I
of the paths v , i g I, are mutually disjoint. It turns out that the numberi
of k-tuples of nonintersecting paths between two sets of respective k
 .vertices may often be expressed as a determinant. Since that time,
Stembridge, Viennot, and Desainte-Catherine have shown similarly that
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one may use Pfaffians to enumerate configurations of nonintersecting
paths in which the initial andror terminal vertices of the paths are allowed
wto vary over specified regions of the directed graph; see, for instance, 4, 6,
x12 .
w xIndependent of this purpose, Bouchet 1 introduced the concept of a
w x^-matroid obtained by some weakening of the structure of matroid. In 2
wrepresentability problems for ^-matroids were studied, before Wenzel 13,
x14 examined representability problems for ^-matroids by skew-symmetric
matrices in terms of the corresponding Pfaffians. This has become possi-
 4ble, because for n g N, E [ 1, . . . , n , and any skew-symmetric matrix
 .A s a with coefficients in some commutative field K, the mapi j 1F i, jF n
 .  . .p: E ª K defined in terms of the Pfaffian, that is, p I [ Pf ai j i, jg I
for I : E, satisfies the following identity:
 .  .  .  4P2 For I , I : E and I ` I [ I j I _ I l I s i , . . . , i with1 2 1 2 1 2 1 2 1 l
i - i for 1 F j F l y 1 one hasj jq1
l
jy1 ? p I ` i ? p I ` i s 0. 4  4 .  .  . 1 j 2 j
js1
w x w xFor a proof, see 13, Proposition 2.3 or 7 . The significance of the
Pfaffian to study configurations of nonintersecting paths on the one hand
and ^-matroids on the other hand suggested that there should also exist a
connection between nonintersecting paths and ^-matroids. Indeed, in the
present paper we prove that under certain circumstances configurations of
nonintersecting paths in a directed graph induce a ^-matroid in a rather
 .canonical way. Furthermore, we show by using identity P2 that every such
^-matroid is representable over fields of any characteristic and that
weightings defined on the edge set and with values in some linearly
ordered abelian group induce valuations of these ^-matroids. Valuated
w x^-matroids were introduced in 8, 13, 14 . It is worthwhile to note that
w xBouchet 3 studied ^-matroids induced by matchings in graphs before
w x  .Kalhoff and Wenzel 10 proved}also by using the identity P2 }that
these ^-matroids are representable over fields of any characteristic, too,
and that weightings defined on the edge set give rise to valuated ^-
matroids.
Technically, the paper is organized as follows. In Section 1, we show that
certain numbers of k-tuples of nonintersecting paths in a directed graph
may, under pleasant circumstances, be expressed as a Pfaffian}a fact
w xwhich was already demonstrated in 4, 6, 12 . In Section 2, we verify using
 .the main result of Section 1 and identity P2 that under certain supposi-
tions nonintersecting paths give rise to ^-matroids representable over
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fields of any characteristic. We study valuations of these ^-matroids in
Section 3.
1. NONINTERSECTING PATHS AND PFAFFIANS
 .In what follows, assume that V s V, F is some totally ordered set
such that for all A, B g V with A - B the interval
w x  4A , B [ C g V ¬ A F C F B 1.1 .
 .is finite, and let G s V, K denote some directed graph with vertex set V
 .such that any A, B g K satisfies A - B. In particular, G is an acyclic
directed graph.
For a commutative field K, a map ¨ : K ª K is called a ¨aluation. Given
 .such a valuation, continue ¨ to paths v s A , A , . . . , A in G by0 1 n
putting
n
¨ v s ¨ A , A , . . . , A [ ¨ A , A 1.2 .  .  .  .0 1 n iy1 i
is1
 .For A, B g V with A - B let P A, B denote the finite set of all paths in
G with initial point A and endpoint B.
For some finite index set I and mutually distinct A , B g V withi i
A - B , i g I, puti i
P A , B ¬ i g I [ v g P A , B ¬ the vertex sets of the .  .  . . 0 i i i i iigI
igI
paths v , i g I , are mutually disjoint . 1.3 .5i
 w x.DEFINITION 1.1 cf. also 6, Definition 2.1 . Suppose K is a commuta-
tive field and ¨ : K ª K is some valuation. Assume A , . . . , A are1 2 k
vertices in G with A - ??? - A . Then A , . . . , A satisfy the crossing1 2 k 1 2 k
condition with regard to ¨ , if for 1 F i - j - n - m F 2k the vertex sets of
 .  . X  .  X.any v g P A , A with ¨ v / 0 and any v g P A , A with ¨ v / 0i n j m
intersect.
DEFINITION 1.2.
 .  4i For k G 1 put I [ 1, . . . , 2k and let F denote the set of all2 k 2 k
involutions s : I ª I without fixed points. For s g F let p s2 k 2 k 2 k s
 4  44  .i , j , . . . , i , j denote the unique partition of I with s i s j for1 1 k k 2 k n n
1 F n F k and put
S s [ i , j g I 2 ¬ i - j - s i - s j . 1.4a .  .  .  .  . 42 k
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 .The crossing number Cr s of s is given by
Cr s [ aS s . 1.4b .  .  .
 .  .ii If A s a is some skew-symmetric matrix with coeffi-i j 1F i, jF n
cients in the commutative field K that is a s ya for all i, j and a s 0i j ji i i
.  .for all i , then the Pfaffian Pf A is defined by
Pf A [ Pf a .  . .i j 1Fi , jFn
0, for n ' 1 mod 2,¡
 .Cr s~ y1 ? a , for n ' 0 mod 2. . [ 1.5 .i j
 .i , j gpsgF sn¢
i-j
Remarks.
 .i The original definition of the Pfaffian is based on permutations.
However, the preceding definition is more convenient for our purposes cf.
w x w x.also 12, Sect. 2 and 6, Definition 2.3 .
 .  .2ii If A is some skew-symmetric matrix, then one has Pf A s
w xdet A. For a rather conceptual proof, see 12, Proposition 2.2 .
Now we are able to state and prove the following main result of this
section.
THEOREM 1.3. Suppose that ¨ : K ª K is some ¨aluation with ¨alues in
the commutati¨ e field K, and assume that A , . . . , A are ¨ertices in G with1 2 k
A - ??? - A for k G 1 which satisfy the crossing condition with regard to1 2 k
 .¨ . Define the skew-symmetric matrix A s a with coefficients in Ki j 1F i, jF 2 k
by
¡ ¨ v , for i - j, .
 .vgP A , Ai j~a [ 1.6 .i j 0, for i s j,¢ya , for i ) j.ji
Moreo¨er, for s g F put2 k
 4I [ i g 1, . . . , 2k ¬ i - s i 1.7 4 .  .s
and
c [ s , v ¬ s g F , v g P A , A ¬ i g I , .  .  . .  . 5igI igIi 2 k i 0 i s  i. ss s
1.8a .
cX [ s , v g c ¬ Cr s s 0 . 1.8b .  .  . 4 .igIi s
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Then the following hold:
 .i If s g F is such that there exists some2 k
v g P A , A ¬ i g I with ¨ v / 0, .  . . . igIi 0 i s  i. s is
igIs
 .then one has Cr s s 0.
 .ii One has
Pf A s ¨ v .  .  i
igI  . . ss , v gci ig Is
s ¨ v . 1.9 .  .  i
X igI  . . ss , v gci ig Is
 .  .Proof. i Assume s g F satisfies Cr s / 0 and choose n , m g I2 k 2 k
 .  .with n - m - s n - s m . Then by Definition 1.1 any path v g
 .  . X  .P A , A with ¨ v / 0 intersects any path v g P A , A withn s n . m s  m .
 X.  .¨ v / 0. Thus 1.3 implies that there does not exist any
v g P A , A ¬ i g I with ¨ v / 0. .  . . . igIi 0 i s  i. s is
igIs
 .  .ii By i it suffices to prove that
Pf A s ¨ v . 1.9a .  .  .  i
igI  . . ss , v gci ig Is
Put
c [ s , v ¬ s g F , v g P A , A ¬ i g I . .  .  . .  . 5igI igI0 i 2 k i i s  i. ss s
1.8c .
 .  .By Definition 1.2 ii and 1.6 one has
 .Cr sPf A s y1 ? ¨ v . 1.10 .  .  .  .  i
igI  . . ss , v gci ig I 0s
Put
Yc [ s , v g c _c ¨ v / 0 . 1.8d .  .  . . igIi 0 is 5
igIs
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 .  . Y YBy i and 1.10 it suffices to construct some involution F: c ª c such
  . . Y   . .  X  X. .that for all s , v g c and F s , v s s , v one hasXi ig I i ig I i ig Is s s
¨ v s ¨ vX , 1.11a .  .  . i i
XigI igIs s
Cr s X ' Cr s q 1 mod 2. 1.11b .  .  .
  . . Y YAssume s , v g c . By definition of c , there exist i, j g I withi ig I ss
i / j such that the vertex sets of v and v intersect. Let S denote thei j
 .smallest vertex in V, F which lies on at least two paths v , v fori j
i, j g I , i / j. Assume i and j are the two smallest indices such that vs 0 0 i0
and v pass through S, say i - j , andj 0 00
v s A , P , . . . , P , P s S, P , . . . , A , .i i 1 ry1 r rq1 s  i .0 0 0
v s A , Q , . . . , Q X , Q X s S, Q X , . . . , A . .j j 1 r y1 r r q1 s  j .0 0 0
  .  .4 XPut J [ i , j , s i , s j and define s g F by0 0 0 0 2 k
s X i [ s j , s X s j [ i , .  .  . .0 0 0 0
s X j [ s i , s X s i [ j , .  .  . .0 0 0 0
s X i [ s i for i g I _ J . .  . 2 k
 .  .Note that i - s j and j - s i , because A - S - A and A -0 0 0 0 i s  j . j0 0 0
S - A . Therefore, one has I X s I . For i g I define vX gs  i . s s s i0
 .XP A , A byi s  i.
X  4v [ v for i g I _ i , j ,i i s 0 0
vX [ A , P , . . . , P , S, Q X , . . . , A , .i i 1 ry1 r q1 s  j .0 0 0
vX [ A , Q , . . . , Q X , S, P , . . . , A .j j 1 r y1 rq1 s  i .0 0 0
and put
F s , v [ s X , vX . .  . .  .igI igIi is s
2  . .   . .Clearly, one has F s , v s s , v , because a vertex T g Vi ig I i ig Is s
lies on some v for i g I if and only if it lies on some vX for j g I X s I ,i s j s s
and for any i g I the path v passes through S if and only if vX does.s i i
 .By the definition of F, the relation 1.11a is trivial; thus it remains to
 .   . . Y  X  X . . Yverify 1.11b . If s , v g c , s , v g c , and i , j are asi ig I i ig I 0 0s s
 .before, then one has i - j - s i and thus either0 0 0
i - j - s i - s j or i - j - s j - s i . .  .  .  .0 0 0 0 0 0 0 0
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Therefore, we have
i , j g S s ` S s X [ S s j S s X _ S s l S s X . .  .  .  .  .  .  . .  .0 0
1.12 .
 4  .  .  X.For i, j g I _ i , j one clearly has i, j f S s ` S s . For n g2 k 0 0
 4  .I _ i , j with n - s n put2 k 0 0
z [ a t g J ¬ n - t - s n , 4 .n
  .  .4where as before J s i , j , s i , s j . Then one has0 0 0 0
 4  4a i , j g S s ¬ n g i , j : J j n 4 .  .
' zn
X  4  4' a i , j g S s ¬ n g i , j : J j n mod 2, 4 .  .
 .and together with 1.12 we get
Cr s q Cr s X ' 1 q a S s _ i , j q a S s X _ i , j 4  4 .  .  .  .  .  . .  .0 0 0 0
' 1 q 2 ? z n
 4ngI _ i , js 0 0
' 1 mod 2,
 .and 1.11b is proved.
 .  .  .  .Finally, 1.9a follows now directly from 1.10 , 1.8d , 1.11a , and
 .  .1.11b , because in 1.10 all terms aside from those corresponding to
nonintersecting paths cancel.
Remarks.
 .  .i Note that if, in particular, K s R and ¨ P, Q s 1 for any edge
 .  .P, Q g K, then 1.6 means that a counts the number of paths from Ai j i
 .  .to A whenever 1 F i - j F 2k, and 1.9 implies that Pf A is the numberj
of k-tuples of nonintersecting paths, whose initial points and endpoints
 4cover the set A , . . . , A .1 2 k
 .ii Several results very similar to Theorem 1.3 are already proved in
w x w x w x12, Theorem 3.1 , 4, Theorem III.1 , and 6, Theorem 3.2 . However, in
the present paper, the assumptions differ a bit and, for the convenience of
the reader, we gave the proof, whose idea is quite the same as in the
w xresults just cited. In 4]6, 12 there are also many applications within the
theory of plane partitions.
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2. ^-MATROIDS ARISING FROM NONINTERSECTING PATHS
In this section we show that nonintersecting paths give rise to ^-
matroids, and we shall study representability problems for these ^-
matroids. First, we recall the following definition.
 w x.DEFINITION 2.1 cf. 1, Sect. 6 . Assume E is some finite set and F is a
 .nonempty family of subsets of E. Then the pair M [ E, F is a ^-matroid,
if F satisfies the following symmetric exchange axiom:
 .  .  .SEA For F , F g F and e g F ` F s F j F _ F l F there1 2 1 2 1 2 1 2
 4exists some f g F ` F with F ` e, f g F.1 2 1
 .F is called the system of free or feasible subsets of M. A ^-matroid
 .M s E, F is said to be e¨en, if for all F , F g F one has aF ' aF1 2 1 2
mod 2.
In this paper, we shall only be concerned with even ^-matroids.
 .Remark. A ^-matroid M s E, F is a matroid with F as its set of
bases if and only if one has aF s aF for all F , F g F.1 2 1 2
 .For F : P E and F : E we put0
 4F ` F [ F ` F ¬ F g F . 2.1 .0 0
 .  .Note that M [ E, F is a ^-matroid if and only if M ` F [ E, F ` F0 0
is a ^-matroid for every F : E.0
 w x.DEFINITION 2.2 cf. 2, Sect. 4 . Assume K is a commutative field and
 .M s E, F is a ^-matroid. M is representable o¨er K by a skew-symmet-
 .ric matrix A s a , if there exists some F : E such thati j i, jg E 0
F ` F s F A [ F : E ¬ AX [ a is nonsingular , 2.2 .  .  . 40 i j i , jgF
 .where a is considered to be nonsingular. The matrix A is theni j i, jgB
 .called a representation of M. If 2.2 holds for F s B, then A is called a0
strong representation of M.
 .Remark. By definition, a ^-matroid M s E, F can have a strong
representation only if B g F.
The following result shows that representability problems for ^-matroids
may be studied in terms of Pfaffians.
 4THEOREM 2.3. Assume K is a commutati¨ e field, n g N, E s 1, . . . , n ,
 .  .and M s E, F is a ^-matroid. Then E, F is strongly representable o¨er K
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 .by a skew-symmetric matrix if and only if there exists some map p: P E ª K
such that the following three axioms hold:
 . y1 U .  .P0 One has p K s F and p B s 1.
 .  .P1 For I : E with aI ' 1 mod 2 one has p I s 0.
 .  4P2 If I , I : E and I ` I s i , . . . , i with i - i for 1 F j F l y1 2 1 2 1 l j jq1
1, then
l
jy1 ? p I ` i ? p I ` i s 0. 2.3 4  4 .  . .  . 1 j 2 j
js1
 .More precisely, if E, F is strongly representable by some skew-symmetric
 .  .matrix A s a , then p s p : P E ª K defined byi j i, jg E A
p I [ Pf a for I : E 2.4 .  .  . .A i j i , jgI
 .  .  . w  . . xsatisfies P0 , P1 , and P2 . Here, of course, we put Pf a [ 1.i j i, jgB
 .  .  .  .Vice ¨ersa, if p satisfies P0 , P1 , and P2 , then E, F is strongly
 .representable by the matrix A s A s a gi¨ en byp i j i, jg E
a [ 0 for 1 F i F n , 2.5a .i i
 4a s ya [ p i , j for 1 F i - j F n. 2.5b . .i j ji
w xProof. This is 13, Theorem 3.3 . The result is mainly a consequence of
 .the fact that for a skew-symmetric matrix A s a the map p asi j i, jg E A
 .  .  .defined in 2.4 satisfies axiom P2 . For a proof of the identity 2.3 , see
w x w x13, Proposition 2.3 or 7 .
 .  .Remark. If E s E, F is some finite totally ordered set, F : P E ,
 .  .  .  .  .and p: P E ª K satisfies the axioms P0 , P1 , and P2 , then P2
 .  4clearly implies SEA in Definition 2.1; just put I [ F ` e and I [ F1 1 2 2
 4  .  .  y1 U ..` e in axiom P2 . This means that M [ E, F s E, p K is a
^-matroid.
 .In what follows, we assume again that the directed graph G s V, K
 .defined on the total ordered set V, F is as in Section 1. Thus, in
 . w xparticular, we have A - B for any A, B g K and a A, B - ` whenever
A - B. Moreover, assume that E is some finite subset of V.
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For a valuation ¨ : K ª K with values in the commutative field K we
 .  .define the skew-symmetric matrix A ¨ s a byP Q P , Q g E
¡ ¨ v , for P - Q, .
 .vgP P , Q~a [ 2.6 .P Q 0, for P s Q,¢ya , for P ) Q,Q P
and put
F [ F : E ¬ Pf a / 0 . 2.7 .  . . 5¨ P Q P , QgF
We have the following quite simple but useful lemma.
LEMMA 2.4. For any ¨aluation ¨ : K ª K with ¨alues in some commuta-
 .ti¨ e field K the pair M [ E, F is a ^-matroid which is strongly repre-¨ ¨
 .sentable by the skew-symmetric matrix A ¨ .
Proof. This result is now a trivial consequence of Theorem 2.3 and the
last remark.
Put
 4  4F [ B j A , . . . , A : E ¬ k G 1, A - ??? - A ,1 1 2 k 1 2 k
P A , A ¬ i g I / B for some s g F . 2.8 . . . 50 i s  i. s 2 k
Thus, a subset F : E lies in F if and only if F is the set of initial points1
and endpoints of certain nonintersecting paths in G.
CONVENTION. The set E satisfies the crossing condition, if for all
A , A , A , A g E with A - A - A - A the vertex sets of any v g1 2 3 4 1 2 3 4
 . X  .P A , A and any v g P A , A intersect.1 3 2 4
Note that E satisfies the crossing condition if and only if any
A , . . . , A g E with A - ??? - A , k G 1, satisfy the crossing condi-1 2 k 1 2 k
 .tion with regard to the tri¨ ial ¨aluation ¨ : K ª R defined by ¨ A, B [ 1
 .for all A, B g K.
Now we can prove the following theorem.
 .THEOREM 2.5. If E satisfies the crossing condition, then M s E, F is1 1
a ^-matroid which is strongly representable o¨er any ordered field K by some
skew-symmetric matrix. More precisely, if ¨ : K ª Kq is some ¨aluation
which takes only positi¨ e ¨alues, then one has F s F , that is, M s M .¨ 1 ¨ 1
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Proof. By Lemma 2.4 it suffices to prove the last assertion. Assume
 . q  .¨ K : K . Since E satisfies the crossing condition, Theorem 1.3 ii im-
 .plies directly F s F , because the sums in 1.9 cancel if and only if¨ 1
 . .P A , A ¬ i g I s B holds for any s g F .0 i s  i. s 2 k
Put
w xK [ P , P g K ¬ P , P g P , Q for certain P , Q g E . 2.9 4 .  .E 1 2 1 2
 .Note that K is finite, because any interval in V, F is finite. We have theE
following theorem.
THEOREM 2.6. Put m [ aK . If E satisfies the crossing condition and KE
 .is any commutati¨ e field, then the ^-matroid M s E, F is strongly1 1
X  .representable o¨er the polynomial field K [ K X , . . . , X . More precisely,1 m
X  .  4if ¨ : K ª K is some ¨aluation with ¨ K s X , . . . , X , then one hasE 1 m
F s F and thus M s M .¨ 1 ¨ 1
 .  .Proof. Clearly, one has F : F . If, conversely, A ¨ s a is¨ 1 P Q P , Q g E
 .  4as in 2.6 and A , . . . , A g F with A - ??? - A and k G 1, then1 2 k 1 1 2 k
 .  . .1.9 implies that Pf a is a sum of mutually distinct monomi-A A 1F i, jF 2 ki j
  . .als which therefore does not vanish, because any s , v g c isi ig Is
 .uniquely determined by the product  ¨ v in view of the fact that theig I is
paths v , i g I , do not intersect.i s
3. VALUATIONS OF ^-MATROIDS ARISING FROM
NONINTERSECTING PATHS
In this section, we show that valuations ¨ : K ª K defined on the edge
set of an oriented graph give rise to valuations of the ^-matroid M s1
 .E, F studied in Section 2. First we recall the following definition.1
 .DEFINITION 3.1. Assume G s G, ? , - is a linearly ordered abelian
 .  .group; that is, G, ? is an abelian group, G, - is totally ordered, and for
all a , b , g g G with a - b one has a ? g - b ? g .
Ê  4Moreover, put G [ G j 0 and define
a ? 0 s 0 ? a s 0 for all a g G and 0 - a for all a g G.
A ¨aluated ^-matroid defined on some finite set E and with values in G
 .consists of an equivalence class of maps ¨ : P E ª G satisfying the
following axioms:
 .  .V ` 0 There exists some I : E with ¨ I / 0.0 0
 .  .  .V ` 1 For all I , I : E with ¨ I / 0 / ¨ I one has aI ' aI1 2 1 2 1 2
mod 2.
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 .  .  .V ` 2 For I , I : E with ¨ I / 0 / ¨ I and e g I ` I there1 2 1 2 1 2
 .  4exists some f g I ` I _ e with1 2
 4  4¨ I ? ¨ I F ¨ I ` e, f ? ¨ I ` e, f . .  .  .  .1 2 1 2
 .Two such maps ¨ , ¨ : P E ª G are equi¨ alent if there exists some1 2
 .  .a g G with ¨ I s a ? ¨ I for all I : E.1 2
y1 .The preimage ¨ G is the system of feasible sets of the valuated
 .  .^-matroid. Vice versa, if M s E, F is a ^-matroid and ¨ : P E ª G
 .  .  . y1 .satisfies the axioms V ` 0 , V ` 1 , V ` 2 , and F s ¨ G , then ¨ is
called a ¨aluation of the ^-matroid M.
 .  .  .  .Remark. If ¨ : P E ª G satisfies V ` 0 , V ` 1 and V ` 2 , then
 y1 ..  .M s E, ¨ G is a ^-matroid; axiom SEA is a trivial consequence of
 .V ` 2 .
Examples of valuated ^-matroids induced by nonarchimedian valua-
tions or matchings in graphs whose edges are equipped with weights are
w x w xgiven by 13, Proposition 3.7 or 10, Proposition 2.6 , respectively.
 .In what follows, assume again that the directed graph G s V, K
 .  .defined on the total ordered set V, F satisfies A - B for any A, B g K
w x  .and a A, B - ` whenever A - B. Let G s G , ? denote the free0 0
w xabelian group generated by K. Then by 11, Sect. I.4, Satz 7 this group G0
admits a total ordering making it a linearly ordered abelian group
 . 1 w < xG ,?, - . Let K be any commutative field, let R [ K a a g K denote0
the polynomial ring over K with indeterminates a , a g K, and let L [
 < .K a a g K denote its quotient field.
The degree ­ : L ª G is defined by0
­ 0 [ 0, 3.1a .  .
<  4­ x ? g [ max g x / 0 for x ? g g R_ 0 , 3.1b . 4 g g g /
ggG ggG0 0
y1y1  4­ x ? y [ ­ x ? ­ y for x , y g R_ 0 . 3.1c .  .  . .
Note that ­ is a nonarchimedian valuation.
As in Section 2, we assume that E is some fixed finite subset of V. For a
 .path v s A , A , . . . , A in G we put0 1 n
n
¨ v [ A , A 3.2 .  .  .0 iy1 i
is1
 .  .  .and assume that the matrix A ¨ s a is defined as in 2.6 ,0 P Q P , Q g E
 .now with coefficients in L. Moreover, suppose that F is as in 2.8 .1
We have the following proposition.
1 Note, that the order of G might have nothing to do with the fixed total ordering of V.0
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PROPOSITION 3.2. Assume E satisfies the crossing condition. Then the
 .map w : P E ª G defined by0 0
w I [ 0 for aI ' 1 mod 2, 3.3a .  .0
 4¡0, if A , . . . , A f F ,1 2 k 1~ 4w A , . . . , A [ .0 1 2 k max ¨ v , otherwise, . 0 i¢  . .s , v gc igIi ig I ss
3.3b .
 .  .for A - ??? - A , where c is as in 1.8a and, of course, w B s 1, is a1 2 k 0
 .¨aluation of the ^-matroid M s E, F .1 1
 .Proof. Define the map p : P E ª L by0
p I [ Pf a . 3.4 .  .  . .0 P Q P , QgI
 .  .For tuples v , . . . , v and h , . . . , h of respectively nonintersecting1 k 1 k
 4  4paths in G with v , . . . , v / h , . . . , h one has1 k 1 k
k k
¨ v / ¨ h . .  . 0 i 0 i
is1 is1
Therefore, since ­ is a nonarchimedian valuation, Theorem 1.3 yields
w I s ­ p I for all I : E. 3.5 .  .  . .0 0
 4Now assume F , F g F and C g F ` F . Put I [ F ` C , I [ F `1 2 1 1 2 1 1 2 2
 4  4C , and write I ` I s F ` F s A , . . . , A with A - ??? - A .1 2 1 2 1 2 k 1 2 k
 .Then by 2.3 in Theorem 2.3 we have
2k
i  4  4y1 ? p I ` A ? p I ` A s 0. 3.6 .  . .  . 0 1 i 0 2 i
is1
 .  .   ..   ..  .Since w F ? w F s ­ p F ? ­ p F / 0, by 3.6 and the0 1 0 2 0 1 0 2
fact that ­ is a nonarchimedian valuation there must exist some
 .  4D g I ` I _ C with1 2
 4  4­ p F ? ­ p F F ­ p I ` D ? ­ p I ` D . .  . .  .  .  . .  .0 1 0 2 0 1 0 2
Thus we have
 4  4w F ? w F F w F ` C , D ? w F ` C , D .  .  .  .0 1 0 2 0 1 0 2
as claimed.
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We can now also prove the following more general theorem.
THEOREM 3.3. Let ¨ : K ª G denote any mapping with ¨alues in some
 .linearly ordered abelian group G, ? , - . If E satisfies the crossing condition,
 .then the map w: P E ª G defined by
w I [ 0 for aI ' 1 mod 2, 3.7a .  .
 4¡0, if A , . . . , A f F ,1 2 k 1~ 2 4w A , . . . , A [ .1 2 k max ¨ v , otherwise, . i¢  . .s , v gc igIi ig I ss
3.7b .
 .for A - ??? - A is a ¨aluation of M s E, F .1 2 k 1 1
X  .Proof. Let G denote the subgroup of G generated by all ¨ A, B for
 . X  .  .A, B g K. Define the epimorphism w : G ª G by w A, B s ¨ A, B0
 . w xfor all A, B g K. By 11, Sect. I.2 there exists some total ordering of G0
such that w is order-preserving. Thus, using the notations in Proposition
3.2 with respect to this total ordering of G , we have w s w (w , where, of0 0
 .course, w 0 s 0, which means that w is a valuation of M , because w is.1 0
Under the assumptions of Theorem 3.3, the optimization problem to
1find some subset F : E with aF ' 0 mod 2 for which there exist ? aF2
nonintersecting paths whose initial points and endpoints cover F such that
their total weight is as large as possible may be solved by applying the
w xoptimization procedure as developed in 8 . A feasible subset F : E
 .maximizing w F may be constructed as follows, where n [ aE:
begin
put F [ B, E [ E0 0
for i [ 1 to n do
begin
choose x g E arbitrarilyi iy1
choose y g E withi iy1
  4  4.   4  4.w F ` x ` y G w F ` x ` y for all y g Eiy1 i i iy1 i iy1
 4  4  4put F [ F ` x ` y , E [ E _ yi iy1 i i i iy1 i
end
put F [ Fn
end.
2  ..  .  .Here, of course, ¨ A , A , . . . , A [ ¨ A , A ??? ¨ A , A .0 1 n 0 1 ny1 n
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w x  .In 8 only valuations with values in R, q, - have been considered;
however, the optimization procedure as described plainly extends to any
 .linearly ordered abelian group G, ? , - .
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